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PROBABILITY DISTRIBUTIONS ATTACHED TO GENERALIZED BERGMAN SPACES
ON THE POINCARÉ DISK
N. ASKOUR AND Z. MOUAYN
ABSTRACT. A family of probability distributions attached to a class of generalized weighted
Bergman spaces on the Poincaré disk are introduced by constructing a kind of generalized co-
herent states. Their main statistical parameters are obtained explicitly. As application, photon
number statistics related to coherent states under consideration are discussed.
1 INTRODUCTION
The negative binomial states are the field states that are superposition of the number states with
appropriately chosen coefficients [1]. Precisely, these states are labeled by points z of the com-
plex unit disk D := {z ∈ C; |z| < 1} , and are of the form
| z; 2β >= (1− |z|2)β
+∞
∑
k=0
(
Γ(2β+ k)
Γ(2β)k!
) 1
2
zk | k >, (1.1)
where 2β > 1 is a fixed parameter and | k > are number states.
The probability of finding k photons in the state (1.1) is given by the squared modulus of the
projection of | z ; 2β > onto the state | k > as
|< k | z; 2β >|2 = (|z|2)k(1− |z|2)2β Γ(2β+ k)
Γ(2β)k!
, k = 0, 1, 2, · · · (1.2)
The latter is recognized as the negative binomial distribution NB (|z|2, 2β) with |z| < 1 and
2β > 1 as parameters [2]. Furthermore, the probability distribution (1.2) has a positive Mandel
parameter and thereby the negative binomial states obey super-Poissonian statistics.
Note that the projection < k | z ; 2β > in (1.2) can be rewritten as
< k | z,2β >= (Kβ(z, z))− 12 hβk (z), (1.3)
where
h
β
k (z) :=
(
Γ(2β+ k)
πΓ(2β)k!
) 1
2
zk, k = 0, 1, 2, · · · (1.4)
and
Kβ(z,w) := π−1 (1− zw)−2β , z,w ∈ D (1.5)
are respectively an orthonormal basis and reproducing kernel of the weighted Bergman space
Aβ,0(D) :=
{
ϕ ∈ L2,β(D), ϕ holomorphic on D
}
, (1.6)
where L2,β(D) denotes the Hilbert space of functions ϕ : D → C, which are square integrable
with respect to the measure (1− |z|2)2β−2dµ. Here dµ is the Lebesgue measure on D.
By another hand, the Bergman space in (1.6) coincides with the null space
Aβ(D) =
{
ϕ ∈ L2,β(D), H˜β [ϕ] = 0
}
(1.7)
of the second order differential operator
H˜β := (1− |z|2)−βHβ(1− |z|2)β, (1.8)
1
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where the operator Hβ is given by
1
4
Hβ := −(1− |z|2)2 ∂
2
∂z∂z
− βz
(
1− |z|2
) ∂
∂z
+ βz
(
1− |z|2) ∂
∂z
+ β2|z|2 − β2, (1.9)
and constitutes (in suitable units and up to additive constant) a realization in L2,0(D) of the
Schrödinger operator with uniform magnetic field in D, with a field strength proportional to β
[3].
The spectrum of H˜β in L2,β (D) consists of eigenvalues of infinite multiplicity (hyperbolic
Landau levels) of the form:
ǫ
β
m := 4(β−m) (1− β+m) ,m = 0, 1, 2, · · · ,
[
β− 1
2
]
(1.10)
provided that 2β > 1. Here, [η] denotes the largest integer not exceeding η. As for the Bergman
space Aβ(D) in (1.7) the eigenspace
Aβ,m(D) :=
{
ϕ ∈ L2,β(D), H˜β [ϕ] = ǫβmϕ
}
(1.11)
corresponding to the eigenvalue ǫβm in (1.10) admits an orthogonal basis denoted h
β,m
k (z) , k =
0, 1, 2, · · · , given in terms of Jacobi polynomials as well as a reproducing kernel Kβ,m(z,w) in
an explicit form. In this paper, we exploit these facts to construct a set of generalized coherent
states as
| z; 2β,m >= (Kβ,m(z, z))− 12 +∞∑
k=0
h
β,m
k (z)√
ρβ,m (k)
| k >, z ∈ D, (1.12)
where ρβ,m (k) denotes the norm square of the function h
β,m
k (z) in L
2,β (D) . The states (1.12)
enables us to attach to each eigenspace Aβ,m(D) a kind of photon counting probability dis-
tribution in the same way as for the space Aβ(D) = Aβ,0 (D) corresponding to the lowest
hyperbolic Landau level m = 0. Indeed, for each fixed m = 0, 1, 2, · · · , [β− 12 ] and λ = |z|2,
the probability mass function P (X = k) , k = 0, 1, 2, · · · of this counting random variable X is
obtained as
pk (λ, 2β;m) =
Γ
(
1+ 12(m+ k− |m− k|)
)
Γ
(
2β−m+ 12(|m− k|+ k−m)
)
Γ
(
1+ 12(m+ k+ |m− k|)
)
Γ
(
2β−m− 12(|m− k|+m− k)
)
× (1− λ)2(β−m)λ|m−k|
(
P
(|m−k|,2(β−m)−1)
1
2 (m+k−|m−k|)
(1− 2λ)
)2
(1.13)
where P(τ,ς)η (.) denotes the Jacobi polynomial [4]. The probability distribution (1.13) can be con-
sidered as a kind of generalized negative binomial probability distribution X ∼ NB (λ, 2β,m)
depending on an additional parameterm = 0, 1, 2, · · · , [β− 12] . Thus, we study themain prop-
erties of the family of probability distributions in (1.13) and we examine the quantum photon
counting statistics with respect to the location inside the disk D of the point labeling the gen-
eralized coherent states | z ; 2β,m > in (1.12).
The paper is organized as follows. In Section 2, we recall briefly the negative binomial states
as well as their principal statistical properties. Section 3 deals with some needed facts on the
Shrödinger operator with magnetic field in the disk with an explicit description of some its
needed eigenspaces. In Section 4, we associate to each generalized Bergman space a set of
coherent states from which we obtain the announced probability distribution. In section 5
we give the main parameters of these probability distributions and we discuss the classical-
ity/nonclassicality of the generalized coherent states with respect to the location of their label-
ing points inside the disk.
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2 NEGATIVE BINOMIAL STATES
The negative binomial states are the field states that are superposition of the number states
with appropriately chosen coefficients. They are intermediating states between a pure coherent
state and a pure thermal state and reduce to Susskind-Glogower phases states for a particular
limit of the parameter [4]. As mentioned above, these states are labeled by points zwith |z| < 1
and are of the form
| z; 2β >= (1− |z|2)β
+∞
∑
k=0
(
Γ(2β+ k)
Γ(2β)k!
) 1
2
zk | k > (2.1)
where 2β > 1 is a fixed parameter and | k > are number states.The states (2.1) are referred to
as the negative binomial states since their photon probability distribution:
Pr (X = k) = (|z|2)k (1− |z|2)2β Γ(2β+ k)
Γ(2β)k!
(2.2)
obeys the negative binomial probability distribution, i.e., X ∼ NB(λ, 2β) with parameters
λ = |z|2 and 2β > 1. The mean number of photons and the variance are given by E(X) =
λ2β(1− λ)−2 and Var(X) = λ2β(1− λ)−2. The Mandel Q parameter for the negative binomial
states equals λ(1 − λ)−1 and is always positive since 0 < λ < 1. This means that photon
statistics in the negative binomial states is always super-Poissonian.
According to [4], we shouldmention some limiting cases. For β → ∞, |z| → 0 but β|z|−1 → µ
theNB (λ, 2β) reduces to the Poisson distribution P (µ) characteristic of the coherent states of
the harmonic oscillator. For β → 0, the photon number distribution NB(λ, 2β) reduces to
the Bose-Einstein distribution. When |z| → 0, NB (λ, 2β) goes to Dirac’s measure δ0 and the
negative binomial state in (2.1) goes to the vacuum state | 0 > .
3 AN ORTHONORMAL BASIS IN Aβ,m (D).
By [3] the Schrödinger operator on D with constant magnetic field of strength proportional
to β > 0 can be written as :
Lβ := −(1− |z|2)2 ∂
2
∂z∂z
− βz
(
1− |z|2
) ∂
∂z
+ βz
(
1− |z|2) ∂
∂z
+ β2|z|2. (3.1)
which is also called Maass Laplacian on the disk. A slight modification of LB is given by the
operator
Hβ := 4Lβ − 4β2 (3.2)
acting in the Hilbert space
L2,0(D) :=
{
ϕ : D → C,
∫
D
|ϕ(z)|2
(
1− |z|2
)−2
dµ(z) < +∞
}
, (3.3)
The spectrum of Hβ in L2,0(D) consists of two parts: (i) a continuous part [1,+∞[ , (ii) a finite
number of eigenvalues of the form ([3]) :
ǫ
β
m := 4(β−m) (1− β+m) ,m = 0, 1, 2, · · · ,
[
β− 1
2
]
(3.4)
with infinite degeneracy, provided that 2β > 1. The eigenfunctions corresponding to eigen-
values in (3.4) are known as bound states. For our purpose, we shall consider the unitary
equivalent realization H˜β of the operator Hβ in the Hilbert space
L2,β(D) :=
{
ϕ : D → C,
∫
D
|ϕ(z)|2 (1− |z|2)2β−2 dµ(z) < +∞} , (3.5)
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which is defined by
H˜β := T−1β HβTβ, (3.6)
where Tβ : L2,β(D) → L2,0(D) is the unitary transformation defined by the map ϕ 7→ (1−
|z|2)−βϕ.
According to Eq. (3.6) the eigenspace of Hβ in L2,0(D), which corresponds to the eigenvalue
ǫ
β
m in (3.4), is mapped isometrically via the transform Tβ onto the eigenspace
Aβ,m(D) :=
{
Φ : D→C,Φ ∈ L2,β (D) and H˜βΦ = ǫβmΦ
}
(3.7)
These eigenspaces will play a central role in this work and some of their spectral tools are
summarized as follows:
Proposition 3.1. Let 2β > 1 and m = 0, 1, 2, · · · , [β− 12 ] . Then,
(i) an orthogonal basis of Aβ,m(D) is given by the set of functions
Φ
β,m
k (z) := |z||m−k|(1− |z|2)−me−i(m−k) arg z
×2 F1
(
−m+ m− k+ |m− k|
2
, 2β−m+ |m− k| −m+ k
2
, 1+ |m− k|; |z|2
)
(3.8)
k = 0, 1, 2, · · · ,where 2F1 (a, b, c; x) is the Gauss hypergeometric function [5].
(ii) the norm square ρβ,m (k) of the eigenfunction Φ
β,m
k in L
2,β(D) is given by
ρβ,m (k) =
π (Γ (1+ |m− k|))2
(2(β−m)− 1)
Γ
(
m− |m−k|+m−k2 + 1
)
Γ
(
2β−m− |m−k|+m−k2
)
Γ
(
m+ |m−k|−m+k2 + 1
)
Γ
(
2β−m+ |m−k|−m+k2
) . (3.9)
(iii) the diagonal of the reproducing kernel of the Hilbert Aβ,m(D) is given by
Kβ,m(z, z) = π−1 (2β− 2m− 1)
(
1− |z|2)−2β , z ∈ D. (3.10)
Proof. For (i) , one can easily chek that the functions Φβ,mk (z) in (3.8) are of the form
Φ
β,m
k (z) = TB
[
φ
β,m
k
]
(z), where φβ,mk , k = 0, 1, 2, · · · , is an orthonormal basis of the space
A0β,m(D) :=
{
φ : D→C, φ ∈ L2,0(D) and Hβφ = ǫβmφ
}
(3.11)
as discussed in [9, p. 9311], where the elements of the basis have been labeled by an integer
j ≥ −m and therefore one has to take care of this by setting k = j+ m. By the fact that Tβ is
an isometry, on gets that Φβ,mk (z), k = 0, 1, 2, · · · , constitutes an orthonormal basis of Aβ,m(D).
For (ii) , the square norm of the eigenfunction φβ,mk in the Hilbert space L
2,0 (D) have been
calculated in [6, p.9313] and remains the same for its image Φβ,mk in L
2,β(D) under the unitary
map Tβ. For (iii), it is not difficult to see that the reproducing kernel Kβ,m(z,w) of the Hilbert
space Aβ,m(D) reads
Kβ,m(z,w) = (1− |z|2)−βK0β,m(z,w)(1− |w|2)−β (3.12)
where K0β,m(z,w) denotes the reproducing kernel of the Hilbert spaceA0β,m(D) in (3.11), whose
diagonal term is given by the function [6, p.9313]:
K0β,m(z, z) = π
−1 (2β− 2m− 1) , z ∈ D. (3.13)
The proof of proposition is finished.✷
We should note that in the case m = 0, the eigenspace Aβ,0(D) coincides with the weighted
Bergmann space on the disk defined in (1.6). Being motivated by this remark, the eigenspace
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Aβ,m(D) of H˜β corresponding to the eigenvalue ǫβm given in (3.2) will be called generalized
weighted Bergman space of index m.
4 COHERENT STATES AND PROBABILITY DISTRIBUTIONS
In this section, we present a generalization of coherent states according to the procedure in
[7]. For this, let (X, σ) be a measure space and letA2 ⊂ L2(X, σ) be a closed subspace of infinite
dimension. Let { fn}∞n=0 be an orthogonal basis of A2 satisfying, for arbitrary u ∈ X,
ω (u) :=
∞
∑
n=0
ρ−1n | fn (u)|2 < +∞, (4.1)
where ρn := ‖ fn‖2L2(X,σ). Define
K(u, v) :=
∞
∑
n=0
1
ρn
fn (u) fn(v), u, v ∈ X. (4.2)
Then, K(u, v) is a reproducing kernel,A2 is the corresponding reproducing kernelHilbert space
and ω (u) := K(u, u), u ∈ X.
Definition. 4.1. Let H be a Hilbert space with dimH = ∞ and {φn}∞n=0 be an orthonormal basis
of H. The coherent states labeled by points u ∈ X are defined as the ket-vectors ϑu ≡| u >∈ H :
ϑu ≡| u >:= (ω (u))−
1
2
∞
∑
n=0
fn (u)√
ρn
φn. (4.3)
Now, by Definition 4.1, it is straightforward to show that < u | u >= 1 and the coherent state
transformW : H → A2 ⊂ L2(X, σ) defined by
W [φ] (u) := (ω (u))
1
2 < ϑu | φ > (4.4)
is an isometry. Thus, for φ,ψ ∈ H, we have
< φ | ψ >H=< W [φ] |W [ψ] >L2(X,σ)=
∫
X
dσ (u)ω (u) < φ | ϑu >< ϑu | ψ > .
Thereby, we have a resolution of the identity of H which can be expressed in Dirac’s bra-ket
notation as
1H =
∫
X
dσ (u)ω (u) | u >< u |, (4.5)
and where ω (u) appears as a weight function.
Now, we are in position to construct for each hyperbolic Landau level ǫBm given in (3.4) a set
of generalized coherent states according to formula (4.3) as
| z, 2β,m >:= (Kβ,m(z, z))− 12 +∞∑
k=0
Φ
β,m
k (z)√
ρβ,m (k)
| k, α > (4.6)
with the following meaning:
· (X, σ) = (D, (1− |z|2)2β−2 dµ(z)), dσ(z) = (1 − |z|2)2β−2dµ(z), dµ(z) being
the Lebesgue measure on D,
· A2 := Aβ,m (D) denotes the eigenspace of H˜βin L2,β(D),
· Kβ,m(z, z) = π−1 (2β− 2m− 1) (1− |z|2)−2β,
· Φβ,mk (z) are the eigenfunctions given by (3.8) in terms of the Gauss hyperge-
ometric function 2F1 (.)
· ρβ,m (k) being the norm square of Φβ,mk given in (3.9),
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· H:=L2(R∗+, x−1dx) is the Hilbert space carrying the coherent states (5.6),
· | k, α >≡ ψαk , k = 0, 1, 2, · · · ,is the complete orthonormal basis of L2(R∗+, x−1dx)
consisting of functions given by [8]:
ψαk (x) :=
(
Γ (k+ 2α)
k!
)− 12
xα exp
(
−1
2
x
)
L
(2α−1)
k (x) , x ∈ R∗+
where L(η)k (.) denotes the generalized Laguerre polynomial [5].
Definition 4.2. For each fixed m = 0, 1, 2, · · · , [β− 12] . The coherent states (| z, β,m >)z∈D as-
sociated with the generalized Bergman space AB,m(D) are defined as a superposition of the basis ψαk of
the Hilbert space L2(R∗+, x−1dx) through the wave functions
< x | z, 2β,m >:=
√
π√
2β− 2m− 1
(
1− |z|2
)β−m
×
+∞
∑
k=0
|z||m−k|e−i(m−k) arg z√
ρβ,m (k)
P
(|m−k|,2(β−m)−1)
min(m,k)
(
1− 2|z|2)ψαk (x) , x ∈ R∗+. (4.7)
Now, in view of (4.7) the projection of the coherent states | z, β,m > onto the state ψαk is given
by the scalar product
〈z, 2β,m | ψαk 〉H =
(
Kβ,m(z, z)
)− 12 Φβ,mk (z)√
ρ
β,m
k
, k = 0, 1, 2, · · · . (4.8)
Therefore, the squared modulus of
〈
z, 2β,m | ψαk
〉
H gives the probability that k photons will be
found in the coherent state | z, 2β,m > .This leads to the mass distribution
pk
(|z|2, 2β,m) := ∣∣〈z, 2β,m | ψαk 〉H∣∣2 , k = 0, 1, 2, . . . , (4.9)
which is denoted pk (λ, 2β,m) with λ = |z|2. Being motivated by this quantum probability, we
then write:
Definition 4.3. For each fixed m = 0, 1, 2, · · · , [β− 12] the discrete random variable X with the
probability distribution
pk (λ, 2β;m) := γβ,m,k (1− λ)2(β−m) λ|m−k|
(
P
(|m−k|,2(β−m)−1)
1
2 (m+k−|m−k|)
(1− 2λ)
)2
with
γβ,m,k :=
Γ
(
1+ 12 (m+ k− |m− k|)
)
Γ
(
2β−m+ 12 (|m− k|+ k−m)
)
Γ
(
1+ 12 (m+ k+ |m− k|)
)
Γ
(
2β−m− 12(|m− k|+m− k)
) (4.10)
and denoted by X ∼ NB (λ, 2β;m) , λ > 0 and 2β > 1 will be called the extended negative binomial
probability distribution attached to the generalized Bergman space Aβ,m(D).
Remark 4.1. Note that for m = 0, the above expression in (5.10) reduces to
pk (λ, 2β; 0) = (1− λ)2βλk Γ(2β+ k)k!Γ (2β) , k = 0, 1, 2, · · · (4.11)
which is the standard negative binomial distribution NB (λ, 2B) with parameter λ and 2β in
(2.1)
Remark 4.2. We should note that expression of the mass distribution pk (λ, 2β,m) in (4.10)
may also appear when calculating Franck-Condon factors in special case of molecular vibration
described by the Morse potential [9, p.6].
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5 THE GENERATING FUNCTION OF X ∼ NB (λ, 2β;m) AND PHOTON NUMBER STATISTICS
The purpose of this section is to give some essential parameters of X ∼ NB (λ, 2β;m) . We
first determine the generating function
GmX (ξ) =
+∞
∑
k=0
ξkpk (λ, 2β;m) (5.1)
as a convenient way to obtain information about this random variable.
Proposition 6.1. Let m = 0, 1, 2, · · · , [β− 12] . Then the generating function of the random variable
X ∼ NB (λ, 2β;m) is given by
GmX (ξ) =
(
1− λ
1− λξ
)2β( (λ− ξ) (1− λξ)
(1− λ)2
)m
P
(2(β−m)−1,0)
m
(
1+
2ξ(1− λ)2
(λ− ξ) (1− λξ)
)
(5.2)
Proof. The integer m = 0, 1, · · · , [β− 12] being fixed, we start by writing the generating
function of X ∼ NB (λ, 2β;m) according to (5.1) and we make use of definition (4.3), we have
that
GmX (ξ) =
+∞
∑
k=0
γβ,m,kξ
k (1− λ)2(β−m) λ|m−k|
(
P
(|m−k|,2(β−m)−1)
1
2 (m+k−|m−k|)
(1− 2λ)
)2
(5.3)
We split this sum into two part as
GmX (ξ) = G(<∞)β,m,λ (ξ) + G(∞)β,m,λ (ξ) (5.4)
where G(<∞)β,m,λ (ξ) denotes a finite sum given by
G(<∞)β,m,λ (ξ) : =
m−1
∑
j=0
(1− λ)2(β−m)ξk( k!
m!
Γ (2β−m)
Γ (2β− 2m+ k)λ
m−k
((
P
(m−k,2(β−m)−1)
k (1− 2λ)
)2)
−m!
k!
Γ (2β− 2m+ k)
Γ (2β−m) λ
k−m
((
P
(k−m,2(β−m)−1)
m (1− 2λ)
)2)
and G(∞)β,m,λ (ξ) denotes the following infinite sum:
G(∞)β,m,λ (ξ) :=
+∞
∑
k=0
ξk
m!
k!
Γ (2β− 2m+ k)
Γ (2β−m) (1− λ)
2(β−m)λk−m
((
P
(k−m,2(β−m)−1)
m (1− 2λ)
)2)
(5.5)
Noting that the finite sum G(<∞)β,m,λ (ξ) contains the following difference
λm−k
(
P
(m−k,2(β−m)−1)
k (1− 2λ)
)2
(k!Γ (2β−m))−1m!Γ (2β− 2m+ k) −
λk−m
(
P
(k−m,2(β−m)−1)
m (1− 2λ)
)2
(m!Γ (2β− 2m+ k))−1 k!Γ (2β−m) . (5.6)
The latter suggests to make use of the identity ([10] , p.63):
Γ (n+ 1)
Γ (n− l + 1) l!P
(−l,ν)
n (u) =
Γ (n+ ν+ 1)
l!Γ (n+ ν− l + 1)
(
u− 1
2
)l
P
(l,ν)
n−l (u) , 1 ≤ l ≤ n (5.7)
for k = n , l = k−m, u = 1− 2λ and ν = 2(β−m)− 1. We then write
P
(m−k,ν)
k (1− 2λ) =
m!Γ (2β− 2m+ k)
(−1)m−k k!Γ (2β−m) λm−k
P
(k−m,ν)
m (1− 2λ) . (5.8)
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After calculation, we obtain that G(<∞)β,m,λ (ξ) = 0. Therefore, it remains to calculate the infinite
sum which reads
G(<∞)β,m,λ (ξ) = Υ1β,m (λ, ξ)
+∞
∑
k=0
Γ (2β− 2m+ k)
k!
(ξλ)k−m
(
P
(k−m,ν)
m (1− 2λ)
)2
(5.9)
where the prefactor is given by
Υ1β,m (λ, ξ) :=
m! (1− λ)2(β−m) ξm
Γ (2β−m) (5.10)
If we put τ = ξλ and k−m = s, we will need to calculate the sum
S := ∑
s≥−m
Γ (2β−m+ s)
(s+m)!
τs
(
P
(s,ν)
m (u)
)2
(5.11)
where u = 1− 2λ and ν = 2(β − m) − 1. Once again, we make use of the identity (5.7) to
rewrite the sum (5.11) as follows
S = Υ2β,m (u, τ)
+∞
∑
j=0
j!
(ν+ 1)j
(
P
(m−j,ν)
j (u)
)2( 4τ
(u− 1)2
)j
(5.12)
where the prefactor
Υ2β,m (u, τ) :=
(
Γ (2β−m)
m!
)2
τ−m
(
u− 1
2
)2m
(5.13)
Making use of the following identity due to Srivastava and Rao [11, p. 1329]:
+∞
∑
n=0
n!tn
(1+ β0)n
P
(γ−n,β0)
m (x) P
(γ−n,β0)
m (y) =
(1− t)γ(
1− (x−1)(y−1)t4
)1+γ+β0
×2̥1
(
1+ γ+ β0,−γ, 1+ β0; − (x+ 1) (y+ 1) t
(1− t) (4− (x− 1) (y− 1) t)
)
(5.14)
for t = 4τ
(u−1)2 , x = y = u , β0 = ν,γ = m and n = j, we obtain after computation and
summarizing up the above steps
GmX (ξ) =
Γ (2β−m)
m!Γ (2(β−m))
(
1− λ
1− λξ
)2β( (λ− ξ) (1− λξ)
(1− λ)2
)m
(5.15)
×2̥1
(
−m, 2β−m, 2(β−m); −ξ(1− λ)
2
(λ− ξ) (1− λξ)
)
Finally, by the help of the relation [5]:
2F1
(
k+ ν+ ̺+ 1,−k, 1+ ν; 1− t
2
)
=
k!Γ (1+ ν)
Γ (k+ 1+ ν)
P
(ν,̺)
k (t)
connecting the hypergeometric function 2F1 (.) with the Jacobi polynomial P
(ν,̺)
k (.), we arrive
at the announced expression of the generating function GmX (ξ) . This ends the proof of Propo-
sition 5.1. ✷
Remark 5.1. Note that for m = 0, the expression in (6.2) reduces to
G0X (ξ) =
(
1− λξ
1− λ
)−2β
(5.16)
which is the well known characteristic function of standard negative binomial distribution
NB(λ, 2β)with parameter λ and 2β.
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Corollary 5.1. Let m = 0, 1, 2, · · · [β− 12 ] Then the mean value and the variance of the random
variable X ∼ NB (λ, 2β;m) are respectively given by
E(X) =
2λβ
1− λ +m (5.17)
Var(X) =
2λ
(1− λ)2 +
m
(1− λ)2λ
(
β− 2− λ
2
)
Proof. Wemake use of the expression of the generating functionGmX (ξ) obtained in Proposition
6.1 to derive themean value themean value of the random variable X ∼ NB (λ, 2β;m) through
the relation
E(X) =
∂
∂ξ
(GmX (ξ)) |ξ=1 (5.18)
Straightforward calculations give
∂
∂ξ
(GmX (ξ)) |ξ=1=
2λβ
1− λ +m. (5.19)
The variance is also obtained by using the well known fact that
Var(X) = E
(
X2
)− (E(X))2 (5.20)
where E
(
X2
)
can also be obtained from the the generating function GmX (ξ) as
E
(
X2
)
=
∂
∂ξ
(GmX (ξ)) |ξ=1 +
∂2
∂ξ2
(GmX (ξ)) |ξ=1 (5.21)
After tedious calculations we obtain that
E
(
X2
)
=
2β (2β+ 1) λ2 + 4m(1− λ)λβ
(1− λ)2 +m
(
m− 1− 2λ
(1− λ)2
)
(5.22)
+
mλ (2β− λ)
2(1− λ)2 .
Substituting (5.22) and (5.19) in (5.20), we arrive at
Var(X) =
2λβ
(1− λ)2 +
m
(1− λ)2λ
(
β− 2− λ
2
)
This ends the proof of the corollary.✷
Remark 5.2. Form = 0, the result of corollary 6.1 reads E (X) = 2βλ(1−λ)−2 andVar (X) =
2βλ(1− λ)−2 which are known parameters of the standard negative binomial probability dis-
tribution.
6 PHOTON COUNTING STATISTICS
To define a measure of non classicality of a quantum states one can follow several different
approach. An earlier attempt to shed some light on the non-classicality of a quantum state was
pioneered by Mandel [12], who investigated radiation fields and introduced the parameter
Q =
Var(X)
E(X)
− 1, (6.1)
to measure the deviation of the photon number statistics from the Poisson distribution , char-
acteristic of coherent states. Indeed, Q = 0 characterize Poissonian statistics. If Q < 0 we have
sub-Poissonian statistics otherwise, statistics are super-Poissonian.
In our context, as mentioned in section 1, if m = 0 then X ∼ NB(λ, 2β) obeys the negative
binomial distribution and the corresponding photon counting statistics are super-Poissonian.
For m 6= 0 we make use of the statistical parameters obtained in corollary 5.1 to calculate
10 N. ASKOUR & Z. MOUAYN
Mandel parameter Q(X) corresponding the random variable X ∼ NB (λ, 2β;m) and we sum-
marize the discussion with respect to the sign of Q(X) in the following statement:
Proposition 6.1. Let m = 1, 2, · · · , [β− 12] . Then, the photon counting statistics are :
(i) sub-Poissonian for points z ∈ D belonging to the open disk D (0, rβ,m) or radius
rβ,m :=
−mβ+√(β2 − 6)m2 + 8βm
4β− 3m (6.2)
For such labeling point z the states | z, β,m > are non-classical.
(ii) Poissonian for points z of the the boundary disk ∂D
(
0, rβ,m
)
.Here the states | z, 2β,m > becomes
pure coherent states.
(iii) Super-Poissonian for z ∈ D \D (0, rβ,m) . For such points the states | z, 2β,m > may describe
thermal (or chaotic) light.
Proof. Making use of corollary 6.1, theMandel parameter (6.1) corresponding to the random
variable X ∼ NB (λ, 2β;m) has the following expression
Q(X) =
(4β− 3m) λ2 + 2βλm− 2m
2(1− λ) (2βλ−mλ+m) . (6.3)
We look at the roots of the equation
(4β− 3m) λ2 + 2βλm− 2m = 0 (6.4)
with respect to the variable λ with 0 < λ < 1. The discriminant ∆′ = β2m2 + 2m (4β− 3m) > 0
since 0 ≤ m ≤ [β− 12] and one can easily see that roots of Eq. (6.4) are of the form:
λ± (β,m) :=
−mB±√(β2 − 6)m2 + 8βm
4β− 3m (6.5)
But the only admissible root in the sense that it belongs to the interval ]0, 1[ is λ+. We put rβ,m :=
λ+ (β,m) and the assertions (i) , (ii) and (iii) follow by discussing the sign of the parameter
Q(X) in (6.3). ✷
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